Abstract. Properties of Hamiltonian symmetry flows on hyperbolic Euler-type Liouvillean equations E ′ EL are analyzed. Description of their Noether symmetries assigned to the integrals for these equations is obtained. The integrals provide Miura transformations from E ′ EL to the multi-component wave equations E. By using these substitutions, we generate an infinite-Hamiltonian commutative subalgebra A of local Noether symmetry flows on E proliferated by weakly nonlocal recursion operators. We demonstrate that the correlation between the Magri schemes for A and for the induced "modified" Hamiltonian flows B ⊂ sym E ′ EL is such that these properties are transferred to B and the recursions for E ′ EL are factorized. Two examples associated with the 2D Toda lattice are considered.
Two examples are discussed. First, we relate the Korteweg-de Vries equation
x , w t 1 = −β w xxx + 3ww x , w = s x , β = const,
(1) and multi-component modified KdV equations (see [14] ) with the wave equation and the two-dimensional Toda lattice (2DTL, in particular, associated with a semisimple Lie algebra, see [4] ), respectively, and factorize the Lenard recursion operator for Eq. (1) to a product of two vector-valued operators. Second, we demonstrate that the Boussinesq equation ( [9] )
and the modified Boussinesq equations ( [6] ), as well as the Hamiltonian structures for their local commutative hierarchies, are obtained from the geometry of the ambient wave and 2DTL equations, respectively. The relationship between the Hamiltonian and Lagrangian approaches towards integrable evolution equations was discussed in [17] , where Lagrangian representations were derived by using the Legendre transform from the sequence of Hamiltonian functionals for an evolution equation at hand. Therefore, that concept was closed w.r.t. evolutionary systems and the Miura-type transformations between them, whichever representation it might be. Our approach is opposite to [17] . Indeed, we interpret (bi-)Hamiltonian hierarchies of evolution equations as flows defined by subalgebras of the Noether symmetry algebras for ambient hyperbolic Euler-type systems (see also [9] ). By using the canonical variables for the Euler-type systems and treating the differential constraint between coordinates u and momenta m as the rule that defines the Clebsch potentials, we establish the relation between the potential and nonpotential components of the hierarchies that describe the evolution of coordinates and momenta, respectively. The adjoint linearization (ℓ u m )
* of this constraint defines the first Hamiltonian structures for these hierarchies such that their Magri schemes are correlated; the second Hamiltonian structures obtained from the Miura transformations supply the recursion operators both for the evolutionary hierarchies and the ambient Euler-type systems.
The paper is organized as follows. In Sec. 1, we relate the differential constraint between coordinates and momenta for hyperbolic Euler equations with the Hamiltonian operators for their Noether symmetry algebras. Then we consider substitutions from Euler-type Liouvillean equations E ′ EL generated by their integrals; in this case, the Miura transformation to a subalgebra A of the Noether symmetries of the Euler wave equation E generates the second Hamiltonian structure on A. Thus we obtain the pair A, B of sequences of Hamiltonian flows on E and E ′ EL , respectively, which are correlated by the Miura map. Then we discuss properties of the flows within A and B and the corresponding recursions. Finally, we demonstrate which of these properties for A such as the locality, commutativity, (bi-)Hamiltonianity, etc., are transferred to B.
In Sec. 2, we recall necessary facts about geometry of the 2DTL u xy = exp(Ku); all notions and notation follow [1] . We consider the hierarchy of KdV equation (1) and the sequence of multi-component analogues ( [14] ) of the modified KdV equations associated with the 2DTL. We obtain a factorization of the Lenard recursion operator for KdV to a product of vector-valued operators; also, we prove that the higher flows for the multi-component mKdV are local and pairwise commute. In Sec. 3, we demonstrate that the hierarchy B of higher flows for modified Boussinesq equation (8) is a local commutative subalgebra of Noether symmetries of 2DTL (9) associated with the algebra sl 3 (C) such that integrals (7) for Eq. (9) induce the second Hamiltonian structure (10) for Eq. (2); a factorization of the recursion operator for 2DTL is obtained.
Hierarchies and Miura transformations
, whereκ is a real, nondegenerate, symmetric, constant (r ×r)-matrix. Choose the variable y for the "time" coordinate, leave x for the spatial coordinate, and denote by m j = ∂L/∂u j y the jth conjugate coordinate (momentum) for the jth dependent variable u j for any 1 ≤ j ≤ r:
We claim that the adjoint inverse linearization D 
•κ·E m , the dynamical equations are separated. Indeed, they are evolutionary:
, that is, they are obtained by using the pair of mutually inverse Hamiltonian operators
x andÂ 1 = D x ·κ. Consider a hyperbolic Euler equation E EL and suppose that it admits a symmetry flow u t = φ(u x , u xx , . . .) ≡ φ[u x ]; here t is a parameter along the integral trajectories. Then the evolution m t of the momenta is described by the nonpotential equation m t = − 
Lemma 1 ([5])
. Let E = {u xy = f (u; x, y)} be a quasilinear hyperbolic equation and H = H dx+· · · be its conservation law :
By the Noether theorem ( [8] ), the Noether symmetries for self-adjoint Euler systems E EL = {E u (L) = 0} coincide with the generating sections of their conservation laws; by [13] , the correlation between the Noether symmetries ϕ L and the generating sections ψ for nonselfadjoint Euler equations E EL ≃ {κ
with a unit symbol is ψ =κϕ L . Let φ be a Noether flow on an Euler-type hyperbolic system:
and H is a conserved density. Hence we have
.e., both equations u t = φ and m t = − 
are Hamitonian simultaneously and their Hamiltonian operators A 1 andÂ 1 are mutually inverse (e.g., [10] ). The induced evolution of momenta m can be calculated in two distinct ways: by variation of the Hamiltonian, 
composed by its commuting Hamiltonian symmetries originating from some φ −1 . The recursion R is shared by all equations u t i = φ i ; the operator R * maps the velocities m t i of evolution of the momenta (see [12] ).
From now on, we investigate a particular class of Liouvillean hyperbolic Euler equations ( [3, 4, 7] ) which admit nontrivial integrals, that is, functionals w ∈ kerD y belonging to the kernel of the total derivative D y restricted onto the equation E ′ EL at hand. Our reasonings hold up to the involution x ↔ y if it is a symmetry of E ′ EL , otherwise the exposition admits the mirror copy with x and y replaced. * of the integrals w for a Liouvillean Euler -type equation
where H is arbitrary.
Examples are found in [13, 14] . Recently, the correlation between the structure of generators of the symmetry algebra for Liouvillean hyperbolic systems and their integrals was analyzed in [2] .
Consider the substitution m = w[m] between an Euler-type Liouvillean system E ′ EL and the multi-component wave equation E. The pair (w * , w * ) generates the second Hamiltonian structureÂ 2 for Noether symmetries of the target equation E, see [16] . Namely, let A be a sequence of Noether flows on E such that 
and conversely, the operatorÂ 2 defined in (4) is always a Hamiltonian structure for A. In other words, Eq. (4) is the condition of reducibility of the structureÂ 2 to the canonical form "d/dx". Condition 
)
* for E is a recursion for A.
Thence, the bi-Hamiltonian hierarchy A is infinite-Hamiltonian. Namely, let ε = {u t =Â 1 (ψ[u])} be a Hamiltonian equation and let R be a recursion for ε; in our case, the operator R proliferates the commuting symmetry flows on the wave equation E. Then ε is also Hamiltonian w.r.t. the operatorsÂ i = R i−1Â
1 provided that they are skew-adjoint; it is indeed so for Eq. (4). The proof is based on the following argument. By [12, 18] , the relation ℓ ε A + Aℓ * ε = 0 holds for Hamiltonian operators A for ε; the converse is also true under regularity assumptions. Since R is a recursion for ε, we have ℓ ε R = Rℓ ε . Indeed, from the operator equality ℓ ε R =Rℓ ε that holds for someR, we obtain R = R by commuting this equality with t. Therefore, the identity ℓ ε (RA) + (RA)ℓ * ε = 0 holds and thus the operator RA is also Hamiltonian. Now proceed by induction. These reasonings are rigorous for those operatorsÂ i which are differential (i.e., local w.r.t. D x ), otherwise the above relations must be extended to a nonlocal setting. The operatorsÂ i are not always compatible; a pair of Hamiltonian differential operators may generate a nonlocal sequence A. Further, we discuss the locality aspects in more details. 
The Magri schemes ( [15] ) for A and B and factorization (4), see [16] , ofÂ 2 are indeed standard. Now we see that the first Hamiltonian structuresÂ 1 andB 1 originate from the Lagrangians for the ambient Eulertype equations and the operator is constructed by using the integrals of the Liouvillean systems E ′ EL .
If the Hamiltonian operatorsÂ 1 = (ℓ u m ) * andÂ 2 , see (4), are compatible, then the functionals H i [m] are in involution w.r.t. both structures, the flows φ i commute ( [15] ), and A is infinite-Hamiltonian by Remark 1. We also have Proposition 2. Let a recursion R for an evolution equation ε = {u t = φ[u]} be constructed by using a single layer of Abelian nonlocal variables (that is, expressions which are nonlocal w.r.t. the variables in ε and which are produced by a set of conservation laws η α for ε, see [1] ). Then R is weakly nonlocal:
where ϕ α ∈ sym ε and ψ α is the generating section of the conservation law η α for any α.
The proof of Proposition 2 follows from the definitions; it is generalized easily to the case of multiple layers of the Abelian nonlocal variables defined by using (nonlocal) conservation laws. Hence we conclude that the recursion R * : Φ i → Φ i+1 for the hierarchy A is weakly nonlocal owing to the factorization R * =Â 2 •Â Indeed, the homological formulation (e.g., [12] ) of the Magri scheme and the triviality ( [11] ) of the Poisson cohomologies w.r.t. the structureÂ 1 guarantee the existence of the conservation laws H i for E; now refer Lemma 1 and the Noether theorem ( [8, 13] ). We also conclude that A is local in w.
Further, we demonstrate which of the above properties can be transferred on B. Obviously, A and B are local simultaneously. The restrictions of the mappings B 2 : 2} ), although the structure of φ {1,2} may contain addends which are unusual w.r.t. the Jacobi bracket of φ ′ and φ ′′ , see Eq. (6) below. From Eq. (4) it follows that З (φ {1,2} ) (w) =Â 2 (φ {1,2} ). Hence if the operatorÂ 2 is injective, the hierarchy A is commutative, and the sequence B is correlated with A by Eq. (4) and (5), then B is commutative.
From Proposition 4 it follows that the recursion R ′ for E ′ EL is shared by all flows in B. By Proposition 2, the recursion operator (R ′ ) * for the nonpotential flows in B is weakly nonlocal.
In Sec. 2 and 3, we illustrate the scheme above by using the multicomponent modified KdV and modified Boussinesq hierarchies: First, we reconstruct the potential counterparts of A treating the first Hamiltonian structuresÂ 1 as the adjoint linearizations of (3) and obtain the ambient hyperbolic Euler equations by specifying their Lagrangians (that is, the matricesκ since the Hamiltonians are trivial). Then we find the Liouvillean Euler-type equations E ′ EL such that the modified hierarchies B are composed by their symmetry flows and the Miura transformation E ′ EL → E that maps B to A is defined by the integrals of E ′ EL . Finally, we transfer the commutativity on the local modified Noether flows and factorize the weakly nonlocal recursions.
2D Toda lattice and the KdV hierarchy
First, we recall some properties of the 2D Toda lattice (2DTL). Let r ≥ 1 and suppose K = k ij is an arbitrary real, constant, nondegenerate (r × r)-matrix and a = t (a 1 , . . . , a r ) is a vector such that a i = 0 for 1 ≤ i ≤ r and the symmetry condition κ ij ≡ a i k ij = κ ji holds for elements of the matrix κ = κ ij . Then the matrix K is symmetrizable; denote its inverse by K −1 = k ij . The r-component two-dimensional Toda lattice associated with the nondegenerate symmetrizable matrix K is E Toda = {u xy = exp(Ku)}. The density L Toda of its Lagrangian L Toda is L Toda = − Consider the case when w and its differential consequences W are unique solutions which depend on the derivatives of u to the equationD y (Ω) = 0; then we say that K is generic.
The Noether symmetries of E Toda associated with a generic symmetrizable (r × r)-matrix K are ϕ = (E w (H(x, W ) dx)) up to the transformation x ↔ y ( [13] , see also [5] ). Here the vector-valued, first-order differential operator is = (ℓ ϑ w ) * = u x + ∆D x and H is a smooth function. The operator R Toda =
• ℓ s , where s x = w and s xy = 0, is a nonlocal recursion operator for the algebra sym E Toda ( [13] ).
Set φ −1 = 1 and generate three symmetry sequences for i ≥ 0: Proof. The KdV hierarchy A is commutative and local in s x = w. Let
, where (see [3] for the scalar case)
We have [
Obviously, the Hamiltonian operatorÂ 2 for KdV is injective. Therefore, φ {k 1 ,k 2 } = 0 and {ϕ k 1 , ϕ k 2 } = (0) = 0. We also conclude that the operator R Toda is a recursion for the ith equation u t i = ϕ i within the commutative symmetry subalgebra B, here i ≥ 0 is arbitrary.
The Boussinesq hierarchy
The first Hamiltonian structure for the Boussinesq equation (2) 
which is transformed to the 2DTL ( [9] ) α xy = exp(K sl 3 α) by a change of variables. Recall that φ i ∈ im E U and = (ℓ a U ) * . Therefore the flows ϕ i = (φ i−1 ) are Noether symmetries of E
